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ABSTRACT

Recent advances in magma transport modeling and the increasing density of real-time geophysical observations, available
with good temporal resolution at many monitored volcanoes, can be used to improve volcanic hazard assessment. Here, we
propose a new data assimilation strategy based on a particle filter to efficiently combine dynamic magma propagation models
with geodetic data and forecast the location and timing of new eruptive vents. This strategy is verified on synthetic data in the
case of a volcanic caldera under extensional stress field in two dimensions. In our synthetic experiment, we demonstrate the
ability of the particle filter to predict where and when magma will reach the surface, provided that punctual measurements of
surface displacement are available at intervals no longer than two percent of the total duration of the propagation phase. In
addition, this assimilation strategy can help define the location of the deep storage zone before the eruption and to determine

the volume and viscosity of the magma propagating towards the surface.

Acrip

Les progres récents dans la modélisation du transport du magma et 'augmentation des observations géophysiques, disponibles
en temps réel pour la plupart des volcans, peuvent étre utilisés pour améliorer I'évaluation des risques volcaniques. Nous
proposons ici une nouvelle stratégie d’assimilation de données basée sur un filtre particulaire combinant efficacement des
modeles dynamiques de propagation du magma avec des données géodésiques afin de prévoir la position et le moment de
l'ouverture d'une nouvelle bouche éruptive. Cette stratégie est vérifiée sur des données synthétiques dans le cas d'une caldera
volcanique soumise a un champ de contraintes en extension. Nous démontrons la capacité du filtre particulaire a prédire ou et
quand le magma atteindra la surface, a condition que des mesures ponctuelles du déplacement de la surface soient disponibles
avec un intervalle de temps d’au moins deux pour cent de la durée totale de la phase de propagation. De plus, cette stratégie
d'assimilation permet, avant I'éruption, de localiser la zone de stockage profonde et de déterminer le volume et la viscosité du

magma se propageant vers la surface.

KeywoRrbps: Data assimilation; Eruption forecast; Magma propagation; Particle filter.

1 INTRODUCTION

From a volcanic risk assessment perspective, it is fundamental to be able to determine as early as possible whether, where
and when the magma, which has started to propagate from the storage zone, will reach the surface, particularly in the case
of volcanic systems prone to off-center eruptions, which include widespread volcanic fields (e.g. the Auckland volcanic field
[Le Corvec et al. 2013)), large calderas (e.g. Campi Flegrei area [Rivalta et al. 2019)) or rift zones (e.g. the East African Rift Zone

[Pinel and Mériaux 2025]). In the upper crust, magma flows through dikes, i.e. planar sheets, by fracturing and deforming the
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surrounding rocks, thereby inducing seismicity and displacements of the Earth’s surface [Rivalta et al. 2015]. The propagation
phase is generally rapid, lasting from a few hours to a few days [Peltier et al. 2009; Parks et al. 2025]. The evolution of the
position, shape and orientation of the dike can be tracked over time from the induced seismicity [Einarsson and Brandsdottir
1980; Duputel et al. 2019; Lengliné et al. 2021; Lomax et al. 2025] or classical inversions of surface displacements, recorded by
either field instruments ensuring good temporal resolution or satellite imagery offering good spatial coverage and resolution
[Battaglia and Bachelery 2003; Smittarello et al. 2019; Beauducel et al. 2020]. However, as they are not based on dynamic
models of magma transport, these inversion methods, even when used in near-real time, do not provide by themselves a true

physics-based forecasting framework.

Meanwhile, dgnamic numerical models can be used to calculate the magma pathway and velocity of propagation based
on the physical properties of the magma and the Earth’s crust, as well as initial conditions (e.g., local stress field, location of
the magma reservoir, and overpressure) [Mériaux and Jaupart 1995; Pinel and Jaupart 2004; Pinel et al. 2017; Mantiloni et al.
2023; Blackstone et al. 2024]. Describing the full complexity of magma propagation in three dimensions remains difficult, as
it requires the inclusion of complex concepts of fracture mechanics and fluid dynamics, but significant progress has recently
been made in modelling non-planar propagation [Davis et al. 2021] and taking into account the coupling between viscous fluid
flow and fracturing processes [Zia and Lecampion 2020; Furst et al. 2023]. Furthermore, Bayesian inversion of vent locations,
which considers magma trajectories to be entirely controlled by the local stress field and therefore neglects the driving pressure
of the magma, has been used to obtain information on the stress field of volcanic regions and its evolution over time, with an
application to the Campi Flegrei in Italy [Rivalta et al. 2019]. This new approach, validated by analog experiments [Mantiloni
et al. 2021] and tested in three dimensions on synthetic data [Mantiloni et al. 2024], is promising for long-term forecasting of
vent locations and the production of probabilistic maps of future eruptive vents. On the other hand, integrating monitoring

data into dynamic numerical models could also be beneficial for short-term forecasting [Poland and Anderson 2020).

Data assimilation is a technique that combines a dynamic model with past and present observations to predict the future
state of an observed dynamic system, based on error statistics. This technique is well known for addressing issues in me-
teorology and oceanography [Daley 1991; Talagrand 1997; Carrassi et al. 2018]. Its use in volcanology is less common, but
very encouraging. Taking advantage of direct satellite observations with high spatial and temporal resolution and dynamic
ash dispersion models, recent studies have used an ensemble-based method to predict the concentration of volcanic ash in the
atmosphere in real time [Osores et al. 2020; Pardini et al. 2020; Mingari et al. 2022; Weng et al. 2025]. Data assimilation also has
recognized potential for predicting lava flows [Hyman et al. 2024]. Although data assimilation is straightforward in the case of
the previous examples involving external flows with direct observations, it is less obvious how to use it to track magma flow
at depth, where only indirect observations are available. However, the ensemble Ralman filter has already been successfully
applied to predict the evolution of overpressure in magma chambers based on observations of surface displacement [Bato et al.
2017; 2018]. Despite the availability of dynamic models, to our knowledge, no previous study has applied data assimilation
methods to predict the propagation of magma beneath the surface, as the lack of direct observations prevents the application
of most conventional data assimilation methods. When the number of observations is limited, it is preferable to use a small

number of parameters to define the dynamic model. In this scenario, characterized by a reduced number of parameters, the
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particle filter is particularly well-suited, with the added advantage, compared to the Ensemble Ralman filter, of being able to
handle very effectively non-Gaussian error statistics. This is indeed essential in the case of magma propagation, where model

errors are expected to be non-Gaussian.

Particle filter is one of the most advanced data assimilation methods. It relies on the Monte Carlo principle to approximate
solutions for nonlinear state-space systems using Bayes’ theorem. Specifically, it updates the probability density function
(pdf) of the model, the prior pdf, with new observations to obtain the posterior pdf [Van Leeuwen 2009; Van Leeuwen
2010]. This method provides a robust framework for generating particles (samples) from the required distributions, without
assuming specific model state distributions. A key advantage of the particle filter is its ability to handle nonlinear models and
non-Gaussian error statistics. Therefore, it appears to be a suitable tool for predicting magma propagation trajectories and

velocities.

In this paper, we present a proof-of-concept study exploring the potential of the particle filter for forecasting the timing and
location of volcanic eruptions using surface displacement observations. Our approach relies on a two-dimensional (2D) model
of magma propagation beneath a caldera in an extensional stress field. A simple parametric model predicts the magma dike
position, orientation and shape over time based on the magma storage zone location, the amount of extension versus surface
unloading, the crustal rigidity, the magma volume, viscosity and driving pressure. Induced surface displacements are then
estimated using a dislocation model. The dynamic model and the link with geodetic observations are described in section 2.
The particle filter applied here is the Sequential Importance Resampling (SIR) or Bootstrap, based on the propagation of a set of
particles (models) and a resampling step performed according to the relative weights of particles using the Stochastic Universal
Sampling algorithm (or Systematic resampling). With this sampling algorithm, particles in accordance with observations are
kept and the others are replaced by a new set of particles. After the resampling step, all particles — both those retained and
those replaced by new ones at the current step — are propagated to the next step (see section 3). The proposed data assimilation
strategy is verified using synthetic observations of surface displacement generated from a set of selected parameters, the latter
being considered as the ground truth (see section 4 for the description of the experimental setup). The accuracy of the predicted
location and timing of the eruption, as well as that of different model parameters (e.g. starting position, viscosity, etc.) are
assessed against the ground truth. Analyses about the impact of the number of particles, the assimilation window, the density
and distribution of observations are also performed (see section 5). The potential of the proposed approach in line with the

available geophysical data and its future evolution are finally discussed.

2 MAGMA ASCENT MODELING

In order to predict the position and orientation of the dike (i.e. magma intrusion) at depth over time, we use a dynamic physical
model that describes the propagation of magma based on a given set of physical and geometrical parameters. The geometrical
parameters are the position of the magma source (xg,zp). The local stress field is characterized by the ratio R = oox:/P;
controlling the relative amount of extension 0., and surface unloading P; and its actual influence on the magma path
depends on the ratio y = P,,/P; controlling the magma driving pressure P,,. The additional physical parameters are the

magma viscosity [, the crust rigidity related to its Young’s modulus E and the volume of injected magma V. These seven
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parameters are referred to hereinafter as primary parameters and detailed in the next two sections. Following Mantiloni et al.
2021, we consider the case of magma propagating beneath a caldera in an extensional stress field in two dimensions (see

Figure 1).

2.1 Magma trajectory

The stress field perturbation compared to the lithostatic stress induced by the caldera unloading is calculated analytically in 2D
with plane strain approximation. This calculation is done by applying a uniform traction of amplitude P; over a lateral extent
2R 41 on an elastic homogeneous half-space using the solution proposed by Jaeger et al. 2007 and described in Watanabe
et al. 2002. We add a homogeneous extension to the horizontal component of the stress field, whose amplitude ., is given
by the parameter R defined as R = 0.x:/P;. We consider the compressive stress to be positive; the expressions of the stress
components are provided in the Supplementary Material (section 1). In the first approximation, magma intrusions tend to open
perpendicular to the minimum compressive stress o3 and thus to align with the maximum compressive stress o1 [Anderson
1951]. Magma path is thus often considered as tangential to o [Rivalta et al. 2019; Mantiloni et al. 2021] with a local trajectory
given by the unit vector Uy associated with o:

O1,x (x,2)

+02

< (1

O1,z (x,2)

2 2
1,X+UI,Z

2
0—1,x

Ui(x,2) =

g

The amplitude and direction of the principal stress oy are thus used to calculate U in each point. When the stress
field is characterized by an horizontal extension, the maximum compressive stress oy is vertical. On the contrary, beneath
the caldera, providing that the unloading effect dominates over the extensional stress, the maximum compressive stress o4
becomes horizontal (Figure 2), as previously described [Maccaferri et al. 2014; Pinel et al. 2017]. Several studies have underlined

that the magma trajectory depends not only on the local stress field but also on the magma driving pressure [Watanabe et
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Figure 1: lllustration of the 2D case considered in this study: a caldera under extensional stress field. The caldera radius R,
and unloading P; are fixed. The seven model parameters are the position of the magma source (x, z), the ratio R = 6., /P;
controlling the amount of extension o, the ratio y = P,,,/ P; controlling the magma driving pressure P,,, the magma viscosity
W, the crust Young's modulus E and the volume of injected magma V.
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al. 2002; Maccaferri et al. 2019], provided by the magma buoyancy and the feeding reservoir overpressure. In particular,
Pinel et al. 2017 showed that the trajectory of magma lies between two extremes: when the driving pressure of the magma
dominates, it rises vertically, whereas when the local stress field dominates, the magmatic intrusion follows the direction of the
maximum compressive stress o1 and tends to be deflected laterally for magma rising beneath a caldera. The actual trajectory
of the magma can be calculated using numerical models, by selecting, throughout its propagation, the path of the magma that
minimises the energy released, taking into account both the effect of the local stress field and the overpressure of the magma
[Maccaferri et al. 2011]. These models have been validated using analogue experiments [Maccaferri et al. 2019]. However, in
this study, as we wish to calculate the trajectories of a large number of particles, we have chosen to use a simplified model, in
which the local orientation of the dike is controlled by a parameter representing the balance between the magma overpressure
and the amplitude of the deviatoric stress field. Indeed this is an interpolation between buoyancy/overpressure-guided and
stress-guided propagation. We thus use the parameter v, given by y = P,/ P, where Py, is the driving pressure of the magma.
y is bounded between 0 and 1, it follows that the maximum magmatic overpressure allowed in our model corresponds to the
magnitude of the unloading; indeed, in the case of calderas, the magmatic overpressure is expected to remain lower than the

unloading. y is used to define the local direction of the magma path given by the effective unit vector Uy . f:

(1 _ Y) 01 x(x,2)

2 2

Uterr(x,2) = 1'; 1(’;Z)2 . (2)
Jl—(l—y)ZG;‘T;%
1,x 52

When y = 0, the local stress field dominates and U . r  is equal to U, (as usually considered [Rivalta et al. 2019]), whereas
when y = 1, the magma driving pressure dominates and Uy ¢y is vertical. Since the local direction of the magma’s path at
each point is known, to completely define the dike’s trajectory, the only remaining information needed is the initial position

of the magma, given by the two additional spatial parameters, xo and zo.

2.2 Shape and velocity of the intrusion

While the magma path is characterized by parameters xg, zg, R and Y, other parameters are still needed to estimate the
magma velocity and intrusion shape. We characterize the magmatic intrusion by its volume V and viscosity p and we use a
Poisson’s ratio, v, of 0.25 and a Young’s modulus E for the elastic crust. It should be noted that magma viscosity is considered
to influence only the magma velocity, whilst the length and shape of the magma-filled crack are estimated without taking its

potential effect into account.

The relationship between the volume and the length of a fluid-filled crack in 3 dimensions is expressed in equation 11 of
Smittarello et al. 2021 for a non viscous fluid. The buoyancy effect due to the density contrast between the magma and the

crust is directly linked to the magma driving pressure [Maccaferri et al. 2019]. Thus, using the definition of parameter y, we

VE \'°
=) .

express the magma intrusion length, L, as:
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(see section 2 of the Supplementary Material for a full description of this equation derivation). The opening of a buoyant
magmatic intrusion is not constant in depth, as it is larger in its upper part, but we consider an average opening w defined
as follows: w = A/L, where A is the cross-sectional area of the fissure (along the vertical plane x,y) given by equation 10 of

Smittarello et al. 2021 for a crack filled with a non viscous fluid. It follows that this mean opening can be expressed as:

w:—l (4)

The velocity of magma can be controlled either by viscous flow, by the fracture process, or by a combination of both,
depending on the propagation regime [Detournay 2004], so that its calculation requires complex models [Zia and Lecampion
2020; Davis et al. 2023; Furst et al. 2023] and is limited by our knowledge of the crustal fracture toughness and its dependence
on fracture length and velocity [Gaete et al. 2024]. In this study, in order to simplify the dynamic model, we use an empirical
relationship for velocity, with the aim of capturing the first-order behaviour of magma velocity as a function of the key
determining parameters. The propagation velocity of the dike increases with the volume of magma injected, as shown by
experiments [Heimpel and Olson 1994] and decreases as the viscosity of the magma increases, as would be expected for
any viscous flow. It should also increase with the driving pressure of the magma, characterised in our simplified model by
the parameter y. Here, for this initial proof of concept, we use the simplest formulation compatible with all these expected

behaviours and define the velocity as follows:

where C is a positive constant. This constant is chosen arbitrarily in order to obtain realistic values for the magma velocity,

as described in more detail in section 4.1.

2.3 Magma position and orientation over time

The magma front position at a given time 7 is given by

t
[Tf)(t) = p_o)+/0 UUl’eff(x(T),Z(T))dT (6)
with
—_— Yo
pPo =
2o

the initial position of the magma.

The bottom of the magma intrusion is assumed to be at a distance L from the top. If this distance has not yet been covered
— L

by the injected magma volume, the bottom of the intrusion is pg. Otherwise, we define the time 75 as #, = t — — and the
v

position of the bottom of the intrusion is

PE(0) = PR(E) - / 0 U177 (e(m). 2(m))dm @)

p
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Finally, the set of trajectory points at a given time ¢ > 0 is defined by

P =Apr(1) + (1-X) pp(1) (8)

where A € [0, 1], with A = 0 corresponding to the bottom of the dike.

The magma intrusion position over time obtained by the previously described dynamic model is illustrated in Figure 2 for
various values of parameters R and y. All other parameters are kept constant. As explained in section 2.1, the parameter R
controls the orientation of the maximum compressive stress o (indicated by the black arrows in Figure 2), with the extension
counterbalancing the effect of unloading and resulting in greater verticality of o for larger values of R. An increase in the
parameter y, passing from the upper panels to the lower panels, results in a more vertical magma trajectory (indicated by the

colored lines) due to the larger deviation from the direction of 0.

R increases = Oext increases

\
\ (4
R=01&y=0.1
—2 0 - - - -
—4 > - - e e
€ €
= —6 - - 7 <
N N
-8~ - e 7 e
—10> - - - el
0 2 4 6 8
X (km)
R=01&y=05
2] /
Q 2 - - -
<
9]
;5 —4 > —_ - I/ e
=) — —
- IS S
E = —6 = - / Pl <
[a¥ N N
E -8 = e —e— Starting point
Q —o— 30 % arrival time
g —10~ - —- - - —8— 60 % arrival time
3] —®— 90 % arrival time
= 0 2 8 8 — Principal stress o
2 X (ki) X (km) P !
I
~N -1.0 -0.8 -06 -04 -0.2 -14 -12 -10 -0.8 -0.6
Amplitude of o3 (normalized) Amplitude of g3 (normalized)

Figure 2: Simulations of magma propagation considering different values of R and y (the geometry is defined in figure 2). The
color scale is for the amplitude of the minimum deviatoric compressive stress a3 normalized by the unloading pressure P;
(negative values are for tensile stress), black arrows are for the direction of the maximum compressive stress . The positions
of the magma, at different times expressed in percentage of the time of magma arrival at the surface, are shown in blue, green
and orange. The caldera radius is 10 km and P; is 15 MPa, other parameters values are set to X, = 5 km, Z, = —=8 km, pu = 100
Pas, V = 0.03 km?® and E = 10°Pa.
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We also use equation (6), to propagate the dike until its front reaches the surface, which enables us to obtain, at each time

step, the predicted time ¢, of the eruption, with

te
e =| )
Zf(te) =0

as well as the predicted position of the eruptive vent x ¢ (z.).

Note that the dike can be back propagated towards its source similarly as already proposed by Mantiloni et al. 2023.

2.4 Link between the dynamic model and surface displacements

At each time step, we estimate the surface displacements induced by the magmatic intrusion using the solution for a rectangular
dislocation embedded in an elastic half-space provided by Okada 1985. The dike, which actually lies along a curvilinear
trajectory, is for computational simplicity approximated by a straight line as shown in Figure 3 (a). Taking the mean between

Xtop Xbot

the position of the dike top p7 = and the position of the dike bottom pp = , we define the position of the

Z[()p Zbot

X,

center of the dislocation p. = “|. The calculation of the distance between the top and bottom points gives the length L,
Zc

of the dislocation, which is slightly smaller than the intrusion length L but this difference is always smaller than 10%. The

distance between the center of the dislocation and the center of the magma intrusion on the trajectory remains smaller than 50
m for 85% of the simulations performed across all particles and all time steps in the forward simulations used to evaluate our
assimilation strategy, which confirms that approximating the intrusion by a straight line does not introduce significant errors.
We use the intrusion mean opening w given by equation (4) to define the opening of the dislocation. The dip, 8 , is the angle

with respect to the horizontal defined by:

Ztop — 2
0 = arctan (mP—bm) (10)
|xt0p — Xbor|

and the strike @ is taken equal to 0 for x;o, — Xpo; < 0 and m radian for x4, — Xpor > 0. Since the Okada model is 3D, the
lateral extent of the dike has a significant influence on the amplitude of the surface displacement it induces, yet we have no
way of incorporating this parameter into our 2D proof-of-concept model. In order to overcome this limitation inherent in our
2D model we use an arbitrary value for the dislocation width (dimension along the Y axis), set at 1 km for all the simulated
dikes. The secondary set of parameters related to the dislocation models (xc,z¢,Lo,8,®,w), called Okada parameters in the
following, is thus defined directly from the primary parameters as illustrated in Figure 3 (a). Figures 3 (b) (c) show the vertical
and horizontal displacements induced at the surface by the magmatic intrusion for different time steps. The lateral extension
of the displacement decreases, while its amplitude increases as the magma approaches the surface. Consequently, the ability
of geodetic observations to estimate the position and orientation of the magmatic intrusion should increase over time, whereas

it is rather limited when the propagation of magma starts at depth.
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Figure 3: Dislocation model used to calculate the surface displacements induced by the magmatic intrusion. a) Okada param-
eters derived from the primary parameters. b) and c) The vertical and horizontal displacements induced at the surface (for
0 < x < 25 km) at different time steps (colour-coded) d) The corresponding position of the magmatic intrusion at depth (case
with R = 0.1 and y = 0.1 from Figure 2). Time is expressed in percentage of the time of magma arrival at the surface.

3 DATA ASSIMILATION WITH THE PARTICLE FILTER
3.1 Particle filtering

The particle filter relies on a representation of the model Probability Density Function (pdf) by a discrete set of model states
(particles) from random draws. In this study, each particle corresponds to a magmatic intrusion defined by the 7 parameters of
the dynamic model. Let m denote the model prediction (current position of the magmatic intrusion) and o the data observations
(surface displacements), the particle filter combines the model and the observations to estimate the posterior pdf of model state

using the Bayes” formula,
p(o|m)p(m)

(o) (1)

p(mlo) =
where p(m) is the prior probability density of m, p(o|m) the likelihood of the observation o given the model m, and p(m|o)
the posterior probability density function.

The optimal number of particles represents a tradeoff between the computational load and the ability to sufficiently
represent the model state space. Initially, all particles are assigned equal weights. Each assimilation cycle consists of 2 stages:

forecast and analysis (Figure 4). In the forecast stage, all particles are propagated forward in time using the dynamic model’s
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forward integration (in our case the updated position of the magmatic intrusions obtained with our dynamic model described
in section 2.3). The prior pdf of the model is represented by particles (namely forecast). In the analysis stage, the model prior
pdf is updated incorporating new observations. More specifically, the likelihood for each particle is calculated by comparing
the model predictions with all the available observations i.e. the vertical and horizontal displacements. In case of independent
Gaussian observation errors, the likelihood is given by

(12)

_ 2
p(olm) = _EM]

————ex
(27[0-2)n/2 p [ 2 a2
where o is the standard deviation of the observation error, and g the measurement operator which projects the model state

on the observation space (in our case the dislocation model described in section 2.4).

From the likelihood, a weight can be computed for each particle

p(o|m;)

= 13
Y= S p(olmy) 13)

with n the total number of particles.

This weight indicates the relative closeness of each particle to the data observations, as well as its importance in the
changes to the probability density. Afterward, particles are resampled based on their relative weight. Resampling results in
discarding particles with low weight and duplicating those with high weight, leading, once again, to an ensemble of particles
with equal weight. Several resampling algorithms are available, such as Stochastic Universal Sampling [Kitagawa 1996] (or
Systematic resampling), stratified resampling, multinomial resampling or residual resampling [Li et al. 2015; Kuptametee and
Aunsri 2022] and the Metropolis-Hastings algorithm [Hastings 1970]. We use an adapted version of the Stochastic Universal

Sampling, as detailed in section 3.2. After resampling, the posterior pdf of model is represented by particles (namely analysis).

Trajectories
\Forecast step| (X4,2Zy)

Okada model
Okada parameters

(Xo: Zo)

Dynamical model

Set of n model states (particles) Surface displacements
(X0, 20,5 R1, 1, 11, B1, Vi) dy
(Xonazoannvf&/n?anEn’Vn) d.n
Parameters retrieva Sampling algorithm : Tlbeara e

Okada parameters

Analysis step

Figure 4: lllustration of an assimilation cycle with the Particle Filter adapted to the study. n denotes the number of particles.
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Figure 4 illustrates the method of the Particle Filter adapted to the magma propagation case. The classical strategy of the
particle filter is slightly modified as the particle resampling is performed with the secondary set of parameters, i.e. the Okada
parameters. It follows that an additional step is required to obtain the primary particle parameters from the Okada parameters

based on physical relationships.

3.2 Resampling and primary parameters retrieval

For particle resampling we use the Stochastic Universal Sampling (SUS), or Systematic resampling [Kitagawa 1996; Li et al. 2015;
Kuptametee and Aunsri 2022]. Detailed description of the SUS algorithm is provided in the Supplementary Material (section
3). In general, the SUS provides a list of selected particles, some of which are retained several times and others resampled.
Since we use a deterministic physical model to propagate the particles, the SUS algorithm, which involves the duplication of
particles of high weight, would lead to severe ensemble impoverishment if applied directly. It is thus adapted (Figure 5). To
avoid obtaining identical particles, we add noise to modify the Okada parameters of the resampled particles and their velocity.
The preference for perturbing Okada’s parameters rather than the primary parameters stems from the decision to encourage
larger dispersion of the particle parameters after resampling, by combining noise with the non-uniqueness of the primary
parameter inversion. In fact, preliminary tests carried out by directly altering the primary parameters did not yield satisfactory
results, as the rapid and significant reduction in the dispersion of the particle parameters prevents convergence towards their
true values (see section 5 and Figure S5 of Supplementary Material). It should be noted that this decision to perturb the Okada
parameters complicates the relationship between the observations and the primary parameters and influences the posterior
distribution obtained from the particle analysis. In this sense, this approach can be regarded as a heuristic rejuvenation scheme

rather than a standard bootstrap particle filter.

The final step is to retrieve the primary model parameters from Okada parameters (see panel 5 of Figure 5). These
parameters are retrieved by first estimating the parameters R and y consistent with the position and dip of the intrusion.
We calculate the orientation of the effective unit vector l_]l—ef—f) at each grid position for 399 possible combinations of the
parameters R and y (R ranging from 0 to 1, with a step size of 0.05, and y ranging from 0.05 to 0.95 with a step size of 0.05).
For each resampled particle, we calculate the probability of all combinations of parameters R and y given the position and dip
of the intrusion, and we select one combination from the 10% most probable combinations (see section 4 of Supplementary
Material for a detailed description). We investigated the impact of the number of combinations retained in the selection process
by varying the percentage of the most probable combinations considered from 1% to 30% and verified that this factor has
no significant effect on our results (see Figure S4 of Supplementary Material). Once the trajectory of the magma particle is
defined by R and y, we back propagate our dynamic model, using the particle velocity slightly modified with noise, to obtain
xo and zo, the initial particle position. Parameters p, E, V are then calculated, from the velocity, the length L approximated
to L, and the opening w, using equations (3), (4) and (5). It is important to emphasize that this determination of the primary
parameters is not unique, as various combinations of the parameters R and y are compatible with the orientation of the dike

(see Figure S3 in the Supplementary Material). However, although this step may temporarily affect the range of the parameter
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distribution by artificially increasing it, the tests carried out indicate that it does not appear to have a significant impact on the

evolution of the mean value of the parameters.

4 EXPERIMENTAL SETUP USED FOR VALIDATION IN A SYNTHETIC CASE

4.1 Primary dynamic model parameters

We set the caldera radius to 10 km and the unloading due to the caldera formation, Py, to 15 MPa, which corresponds to
an excavation depth of approximately 500 m. The model grid extends from -30 km to 30 km along the x-axis (horizontal
direction) and from -10 km to -100 m along the z-axis (vertical direction) with a spatial step of 100 m (a finer step of 10 m
was also tested, which increased the computation time eightfold; the spatial resolution of the grid does not appear to have a
significant impact on the results, as shown in Section 6 of the Supplementary Material and figure S6). The upper boundary
of the grid was set at a distance of one grid step below the surface in order to ensure that the surface displacement could be

calculated using the Okada solution. The position of the magma intrusion is calculated every 60 s, which corresponds to the
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Figure 5: Particles resampling illustrated with a set of 2 particles. 1) Dike 1 (orange) and dike 2 (blue) are both generated by
a set of primary model parameters. 2) The dislocation model provides secondary parameters - the Okada parameters, directly
associated to a surface displacement field. 3) Surface displacements are compared to observations. Dike 1is rejected, while
Dike 2 accepted. 4) A resampling area is created around the accepted dike. A new set of Okada parameters is created in this
area by adding noise to Okada parameters of dike 2. 5) New primary models parameters are retrieved from the new Okada
parameters. A new particle with model parameters is created.
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dynamic model forward integration time step. The distributions of the primary model parameters used to generate the initial
random particles are described in Table 1. To ensure generality, in our proof-of-concept study, uniform distributions with a
realistic range of parameters for basaltic magmatic intrusions are taken into account. The constant C in equation (5) is set
to 5 x 1077 Pa.m~2, which, with the chosen parameter distribution, ensures that particle velocities vary between 10~ and 1
m/s, with the most probable values around 0.1 m/s. We choose one set of parameters given in Table 1 to define the synthetic
truth, propagate the corresponding magmatic intrusion using the dynamic model described in section 2.3 and produce the
resulting observations as described in section 2.4. This synthetic dike reaches the surface at the position x=4.15 km and at
time t=33234 s such that the magma propagation duration is around 9 hours and 14 minutes, corresponding to a velocity of
0.25 m/s.

Noise following a normal distribution N (0, 0.01) for the vertical displacement and N (0, 0.001) for the horizontal displace-
ment is added to the truth to generate synthetic observations. We then use these observations during the forecast step to
update the particles population. If, for a given particle, the crack front reaches this upper limit before it does so for the particle

chosen as the synthetic truth, the given particle is resampled as described in the section 4.3.

4.2 Particle filter setting

The number of particles n takes values between 50 and 300. The influence of the number of particles on the prediction
accuracy will be discussed in section 5.2. From the initial condition, a starting position (x,,z,) at time ¢ = 0, the dikes
corresponding to the different particles propagate according to the dynamic model during an initial phase of 3600 s until the
60th time step. This initial propagation phase ensures that the particles have already propagated along their trajectories before
the induced surface displacement is analyzed; this has no impact, as the ability of the surface displacement to effectively track
the magma at depth is limited in the case of deep dikes. Assimilation is then performed at a given frequency controlled by
the assimilation windows Aw set between 1% and 5% of the total magma propagation time of the synthetic truth considered.
The influence of the assimilation window will be discussed in section 5.3. The assimilation starts at time # = 11% of the total
magma propagation duration after a period of free propagation. Observations used for assimilation are vertical and horizontal
surface displacements distributed at z=0 along the x axis from -30 km to 30 km. Observations uncertainties are included by
setting their standard deviation to 1 mm and 1 cm, for horizontal and vertical displacements respectively to take account of the
larger uncertainty in the vertical component of the GNSS data. The number of observations used for the assimilation strongly
influences the ability of the particle filter to accurately predict the magma position over time. In section 5.4 we will discuss

how the density and spatial distribution of the observations affect the results of the particle filter.

4.3 Adaptation of the SUS algorithm and primary parameter retrieval

By applying the SUS algorithm, some particles are retained and their parameters remain unchanged, while others are resampled
by adding noise to the Okada parameters of the accepted particles.

The new Okada parameters X¢ new, Zc,new> Onew> Lo—new, Wnew Of resampled particles are obtained by adding random
noise to accepted displacement parameters x¢ ac, Ze, Oacy Lo—ac, Wae @s described in TABLE 2. For a given resampled

particle, the noise added to the accepted parameter is a random value sampled from a centered uniform distribution, with
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Table 1: Distribution of primary model parameters for particle generation and values used to generate synthetic truth. Z{ denotes
uniform distribution.

Parameter Distribution True Particle | Units
X0 U (-15000, 15000) 2000 m
20 U (-10000, —1000) -8000 m
R U 0,0.6) 0.5 -
Y U(0.2,0.8) 0.5 -
u U (100, 1000) 100 Pa.s
E U107, 1010) 5% 10° Pa
1% U5 % 10°,5 x 108) 108 m?

realistic ranges, except for the crack length and opening, for which the accepted value is multiplied by a factor between 0.5

and 2 to ensure that the variability is proportional to the accepted value.

Table 2: Characteristics of the noise added to the Okada parameters and velocity of an accepted particle.

Parameter Value Distribution Units
Xc,new Xc,new = Xc,ac T €x €x ~ U(-200,200) m
Zc,new Ze,new = Ze,ac T €7 €z ~ 7/{(_200, 200) m

Snew Onew = Ogc + €5 €5 ~ (Ll(—025, 025) radian
Lo—new 0.5Lo—ge < Lo—new < 2Lo—qc m

Whnew 0.5Wae < Whew < 2Wqe m

Unew Unew = Vac * €p € ~ U(-0.1,0.1) m/s

Primary parameters retrieval is performed as described in section 3.2. A new velocity vey is determined based on the
corresponding velocity of the accepted particle v, as described in TABLE 2.

Note also that besides the particles with low weight, particles that arrive at the surface before the synthetic truth are also
resampled in order to keep the same number of particles along the assimilation cycles as explained earlier. Another strategy
would have been to remove the particle as soon as it reached the surface, whilst retaining its parameters, its arrival time and
the location of its exit point within the distribution, in order to avoid any bias in the distribution; however, this would have

led to a problematic reduction in the effective number of particles over time.

5 RESULTS

We present the results of the proposed data assimilation strategy with a particle filter in different experiments in order to
evaluate its potential and accuracy for predicting the location and timing of eruptive vents. In each case, the evolution over
time of the predicted location of the eruptive vent (i.e. where magma reaches the surface) and that of the predicted arrival time
of magma at the surface, 7., as well as the evolution of certain primary model parameters are presented. These values are
compared to the truth given by the synthetic dike. Time is always expressed as a percentage of the total magma propagation
time of the synthetic truth, with # = 0 when magma propagation starts and ¢ = 100% when the magma reaches the surface for
the synthetic dike. However, it should be noted that for all figures presenting the assimilation results, the particle distributions
are presented from the first assimilation step at time t = 11% to the last assimilation step when the truth particle arrives at
the surface at # = 100%. In addition, in some cases, the evolution over time of the normalised mean absolute error (NM AE,

see the expression in section 8 of the Supplementary Material) for the seven primary model parameters is presented in the
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Supplementary Material (section 8). We first present a general case for verification of the proposed assimilation strategy. We
then describe the effects of the number of particles n, the assimilation window Aw, and the density and spatial distribution of

the observations.

5.1 General case : benefits of the method

We here consider a reference case, with a total of n = 100 particles, short assimilation cycles of 1% of the total magma
propagation duration, and N, = 600 observed points, regularly distributed at the surface from -30 km to 30 km along the
X-axis.

The evolution of the particles (dikes), including their position and length over time, is illustrated in Figure 6. While in the
initial stage of propagation, the dikes are distributed throughout the domain (panel a of Figure 6), they quickly cluster (as soon
as the time reaches 40% of the propagation time) around the synthetic dike (see panel ¢ of Figure 6), showing that surface
displacement measurements are effective in controlling the correct resampling of particles during the analysis stage. This is
further confirmed by the evolution over time of the predicted eruption location illustrated in panel a of Figure 7, where the
spread of the eruption location distribution decreases sharply at t=30%, with the mean value then slowly converging towards
the actual synthetic value. The evolution of the predicted arrival time of the eruption is less accurate (see panel b of Figure 7),
as a large spread is still observed after several assimilation cycles. Convergence also occurs in the final stage even if the time
of eruption is overestimated : the theoretical arrival time remains in the 1 ¢ spread of the distribution until time reaches 90%
of the propagation time but the median arrival time at the final stage of assimilation is overestimated by 29% in the reference
case shown in panel b of figure 7, with a difference between the arrival time of the particle in the distribution closest to the
synthetic particle being less than 0.1%. This significant overestimation is probably due to the bias introduced by resampling
when the magmatic intrusion approaches the surface, as all particles reaching the surface are discarded. This affects the
distribution of arrival time by limiting high values in a way that is difficult to precisely quantify, as this effect becomes more
pronounced as the synthetic truth approaches the surface.

The evolution over time of several model parameters is illustrated in Figure 8. Although there are some differences in the
temporal evolution of their mean values and their dispersion, all estimated model parameters converge towards the synthetic
truth. This occurs at approximately 30% of the total magma propagation time for parameter xg, for which a significant
reduction in the spread is observed and the mean value converges towards the synthetic truth. The evolution of the dispersion
is less favourable for the other parameters: no decrease in the spread for the parameter R is observed, whilst a slight decrease
is observed following several transient increases in the case of viscosity and volume, but the mean value converges towards
the true value even when the true value lies at the limit of the initial particle distribution, i.e. outside of the 1 o spread, as
in the cases of parameter R, magma volume or viscosity. The results for the reference case are therefore satisfactory, which

provides encouraging proof-of-concept support for the proposed data assimilation strategy.

5.2 Influence of the particle number

In order to analyse the influence of the number of particles n on the efficiency of the particle filter, we perform four different

simulations with n = 50, n = 80, n=100, and n=300 particles, maintaining a short assimilation window with assimilation cycles
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Figure 6: Evolution of the particle filter in the reference case (n = 100, Aw = 1%, N, = 600). Time is expressed in percentage
of the total arrival time at the surface for the synthetic dike (truth), the synthetic dike being represented in red. Note that the
represented thickness is not proportional to the actual dike opening. Particles position and length a) just before starting the
assimilation at the end of the free propagation phase at ¢ = 11%, b) at r = 25%, c) at t = 40%, d) at ¢ = 60%, e) at r = 80% and
f) at+ = 100% when the synthetic dike reaches the surface.

representing 1% of the total magma propagation time and integrating N, = 600 observations, evenly spaced at the surface
P g gma propag g g Y sp

from -30 km to 30 km on the x-axis.

The predictions over time of the location, timing of the eruption and parameter p are shown in Figure 9. Additional param-
eters evolutions are shown in section 7 of Supplementary Material (Figure S7). With n = 50 particles, the convergence towards
the synthetic truth seems less reliable based on this experiment, whereas using more than 80 particles allows the particle filter
to achieve satisfactory efficiency with comparable results. Once again, the dispersion of the arrival time prediction does not
systematically decrease with time; it is characterised by periods of high values occurring at different time steps depending
on the number of particles, and similar behaviour is observed for magma viscosity (panel ¢ of Figure 9). These dispersion
fluctuations occur mainly due to the particle resampling where random noise is added to the secondary parameters and a
backpropagation step is performed to get the primary parameters. The radar diagrams in Figure S10 of the Supplementary
Material show the evolution of model parameter accuracy over time for different numbers of particles. Since the Normalised
Mean Absolute Error (NMAE) is calculated at a given time step, any temporary increase in the dispersion of a parameter’s
distribution leads to a bad value (close to 1) of the NMAE, as for viscosity at time t = 75% when n = 300. It appears that some
parameters are well constrained by the particle filter, in particular the starting position, magma volume and viscosity, while

others are less well estimated, such as the parameters R and y and the Young’s modulus of the crust.
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Figure 7: Predictions of the particle filter in the reference case (n = 100, Aw = 1%, N, = 600). a) Evolution over time of the
prediction of eruptive vent location. b) Evolution over time of the prediction of time of eruption z.. The solid grey and orange
lines correspond to the mean of the forecasts and the mean of the analyses, respectively. The grey and orange shaded areas
correspond to the 1o spread of the forecasts and the 1o spread of the analyses, respectively. The theoretical value (synthetic
truth) is represented by the red dashed line.
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Figure 8: Parameters of the particle filter in the reference case (n = 100, Aw = 1%, N, = 600). a) Evolution over time of a)
starting position xo, b) parameter R, c) magma viscosity p and d) magma volume V. The solid gray and orange lines correspond
to the mean of the forecasts and the mean of the analyses, respectively. The gray and orange shaded areas correspond to the
spread (1 o) of the forecasts and the spread of the analyses, respectively. The thick pink line on the Y-axis corresponds to the
initial range of the given parameter (see Table 1). The theoretical value (synthetic truth) is represented by the red dashed line.

When the number of particles is increased from 100 to 300, the computation time roughly doubles and the storage capacity
required for the generated files increases accordingly. Consequently, for this synthetic low-dimensional setup, the choice of

100 particles seems to be a good compromise between limited computational cost and reasonably good accuracy.
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Figure 9: Predictions of the particle filter for 4 different numbers of particles: » = 50 in red/orange, » = 80 in purple, n = 100
in blue (reference case shown in Figure 7) and » = 300 in green. For each case Aw = 1% and N,, = 600. a) Evolution over time
of the prediction of eruptive vent location with b) a zoom at the end of the propagation. c) Evolution over time of the prediction
of time of eruption z, with d) a zoom at the end of the propagation. e) Evolution over time of magma viscosity u. The thick pink
line on the Y-axis corresponds to the initial range of the parameter (see Table 1). Lines are for the mean of the analyses and
shaded areas correspond to the spread (1 o) of the analyses. The theoretical value is represented by the red dashed line.

5.3 Importance of temporal resolution

In order to characterise the influence of the temporal resolution, i.e. the duration of the assimilation window Aw, on the
efficiency of the particle filter, we perform three different simulations with Aw=1%, Aw=2% and Aw=5% using 100 particles

and integrating N, = 600 observations, evenly spaced at the surface from -30 km to 30 km on the x-axis.

The predictions over time of the location, timing of the eruption and the evolution over time of the parameter p are
shown in Figure 10. Additional parameters evolutions are shown in section 7 of Supplementary Material (Figure S8). For the
considered synthetic test, a maximum assimilation window of 2% of the total duration of magma propagation, corresponding
to at least 50 assimilation steps, is required to ensure good efficiency of the particle filter. Indeed when the assimilation cycle
is longer than 5%, the predictions do not converge to the theoretical values as shown in Figure 10, the arrival time prediction
for Aw = 5% is far from the theoretical, whereas those for Aw = 1% and Aw = 2% are rather accurate. The same observation
is obtained regarding the estimations of the viscosity shown in panel c of Figure 10. We can thus conclude that observations
need to be available at a high temporal resolution for a successful application of the particle filter for eruptive vents prediction.
In terms of feasibility in real conditions, this suggests that only continuously recorded geodetic data as GNSS data would likely

be most suitable for this data assimilation strategy.

The radar diagrams in Figure S11 of the Supplementary Material confirm that the starting position, magma volume and

viscosity are fairly well estimated while the parameters R, y and the Young’s modulus of the crust are less well constrained.
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Figure 10: Predictions of the particle filter for 3 different assimilation windows: Aw = 5% in red/orange, Aw = 2% in purple
and Aw = 1% in blue (reference case shown in Figure 7). For each case n = 100 and N, = 600. a) Evolution over time of the
prediction of eruptive vent location. b) Evolution over time of the prediction of time of eruption z.. c) Evolution over time of
magma viscosity u. The thick pink line on the Y-axis corresponds to the initial range of the parameter (see Table 1). Lines are for
the mean of the analyses and shaded areas correspond to the 1o spread of the analyses. The theoretical value is represented
by the red dashed line.

5.4 Influence of spatial resolution and distribution

In this section, we focus on the spatial density and distribution of observations in order to determine the number of mea-
surements required to obtain acceptable results. We consider two scenarios: in the first scenario, different simulations are
performed with a given number of regularly spaced observation points N, while in the second scenario, the observations are

randomly spaced on the surface. For each simulation, we take n = 100 particles and Aw=2%.

5.4.1 Case of regularly spaced observations

We run 3 simulations with N, = 30, N, = 15 and N, = 5. Observations are regularly spaced along the x axis from -30 km

to 30 km.
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Figure 11: Predictions of the particle filter for 3 different numbers of regularly spaced observations: N, = 5 in red/orange,
N, = 15 in purple and N, = 30 in blue. For each case n = 100 and Aw = 2%. a) Evolution over time of the prediction of
eruptive vent location. b) Evolution over time of the prediction of time of eruption z... ¢) Evolution over time of magma viscosity
w. The thick pink line on the Y-axis corresponds to the initial range of the parameter (see Table 1). Lines are for the mean of the
analyses and shaded areas correspond to the spread of the analyses. The theoretical value is represented by the red dashed
line.

Predictions of vents location, arrival time over time and the evolution over time of the parameter p are presented in
Figure 11. Additional parameters evolutions are shown in section 7 of Supplementary Material (Figure S9). Predictions remain
satisfactory even when only a small number of observations are integrated. For 30 or 15 observations, the reduction of the
spread and the convergence of the mean value towards the synthetic truth remain similar to the case with 600 observations
for the vent location and the arrival time. However, the spread remains larger and less stable than that observed for 600
observations in the case of the magma viscosity estimate. The spreads of the arrival location and starting point estimations
are rapidly reduced in a significant way whereas it does not evolve a lot with time for parameters R and the magma volume
(see Figure S9 of Supplementary Material). Large variations in the spread of the distribution is observed for the arrival time

and viscosity estimations with only 5 observations and the mean value is significantly further from the synthetic truth.
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The radar diagrams in Figure S12 of the Supplementary Material confirm that the starting position, magma volume and
viscosity are fairly well estimated while the parameters R, y and the Young’s modulus of the crust are less well constrained and

that, for this synthetic case, at least 15 observations are needed to ensure good accuracy of the primary parameters estimation.

5.4.2 Case of randomly spaced observations

We performed two different simulations with observations randomly distributed in space at the surface using N, = 5, N, = 15
and N, = 30. 100 particles are considered and Aw=2%. Predictions of vents location are shown in Figure 12. Providing that
more than 15 observations are used, results are not significantly influenced by the spatial distribution of the observations and
predictions are similar to the ones obtained with regularly spaced observations. However when the number of observations is
reduced to 5, their spatial distribution strongly affects the results of the particle filter as evidenced by the differences in panels
e) and f) of Figure 12. In the first case (simulation 1), the eruptive vent location is predicted at approximately 35% of the total
magma propagation time, while in the second case (simulation 2), it is predicted at approximately 80% of the total magma
propagation time but with a better accuracy in the end, possibly because measurement points are located farther away from
the vent position but distributed on each side of this vent. In conclusion, the distribution of observations becomes critical to

the success of the assimilation strategy when the available measurements are limited.

5.4.3 Discussion

Our initial proof-of-concept study obviously has certain limitations: the model is two-dimensional; the dynamic model used
is based on simplified assumptions and parameterization, with the aim of accounting for the influence of the main physical
parameters governing the magma’s trajectory and velocity; we assumed uniform distributions for these parameters and the
relationship between the dike and surface displacement is based on Okada’s model for a rectangular dislocation, neglecting
the curvature of the dike. Furthermore, our strategy has only been tested using a set of synthetic observations, considered as
the ‘ground truth’, but generated from the dynamic model. Many further steps still need to be taken before we can achieve
an operational tool capable of processing real monitoring data. For this, we propose some avenues for these steps later in the
discussion. However, based on this experience, we can already draw some initial lessons. We have demonstrated the potential
of the particle filter to forecast the location of an eruptive vent and the timing of an eruption using synthetic data with a simple
two-dimensional propagation model. Data assimilation can be effective and also provides information on the local stress field,
the position of the magma storage zone, and the volume and viscosity of the magma, provided that frequent measurements
of surface displacement are available. As the magma propagation phase is generally rapid, lasting only a few hours, and
assimilation windows of less than 2% of the total propagation time are required to ensure accurate predictions, continuous
geodetic measurements in the field are necessary. However, according to our simulation results, only a few measurement
points, located by chance near the future eruption site, should be sufficient. A GNSS network consisting of more than five
stations could therefore be sufficient to enable forecasts for real-time monitoring, even though such networks are currently
limited only to well-monitored volcanic edifices, such as Piton de la Fournaise in Reunion Island [Peltier et al. 2018], Mount

Etna in Italy [Bruno et al. 2022], or Hawaii in the United States [Montgomery-Brown et al. 2010]. On the other hand, the low
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Figure 12: Predictions of the particle filter for 3 different numbers of randomly spaced observations: N, = 5% in red/orange,
N, = 15in purple and N, = 30 in blue. For each case n = 100 and Aw = 2%, two different spatial distributions of the
observations are considered corresponding respectively to simulation 1 (left panels a, ¢ and e) and simulation 2 (right panels
b, d and f). a) and b) Spatial distribution of observations along the x-axis with the red star showing the location of the eruptive
vent for the synthetic truth. c) and d) Evolution over time of the prediction of eruptive vent location for N, = 15 in purple and
N, = 30in blue. e) and f) Evolution over time of the prediction of eruptive vent location for N, = 5. Lines are for the mean of
the analyses and shaded areas correspond to the spread of the analyses. The theoretical value is represented by the red dashed
line.
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temporal resolution of remote sensing data used to retrieve surface displacement, such as InSAR measurements, remains a
major limitation for their use in monitoring magma propagation, as already previously highlighted [Pinel et al. 2014].

With regard to primary parameters estimation, our synthetic test shows that the location of the storage area, i.e. the starting
point of magma transport, can be well defined, as well as the magma volume and viscosity. Due to the trade-off between the
two parameters that control the magma’s trajectory, R and v, reflecting the combined control of the magma’s driving pressure
and the local stress field on the magma’s trajectory, it is more difficult to perfectly retrieve the local stress field. However,
the actual trajectory of the magma remains well predicted. Based on the radar diagrams (see section 8 of Supplementary
Material), it appears that our assimilation strategy fails to estimate the crust rigidity (Young’s modulus). This may be less
limiting in practice because rigidity can be constrained independently, for example, it can be deduced from seismic images
(e.g. Currenti et al. 2007) and could be considered as known model data in the future. Similarly, parameters R and y could
be better constrained if one stress parameter is estimated through additional data/information, e.g., the magnitude of tectonic
stress.

The next step will be to test the proposed assimilation strategy using real observations. We could start by testing this

approach using the 2D version, initially on synthetic data derived from analogue experiments, using, for instance, the ex-
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perimental setup proposed by [Mantiloni et al. 2021] and measuring the surface displacements due to crack propagation by
photogrammetry and image correlation [Galland et al. 2016]. This 2D version could then be tried out on systems exhibiting
axial symmetry — for example, on a caldera such as that of the Campi Flegrei — by taking into account, for the observations,
only the distance from the centre of the caldera; or in a rift-type environment, where 2D numerical models have already been
successfully applied [Maccaferri et al. 2014] However, in order to apply this strategy more broadly, we will need to move to 3D
modelling. This will enable us to test our strategy on volcanoes that are closely monitored, where the stress field is determined
by the local topography, local rift zones and detachment faults, and that experience frequent episodes of dike propagation,
such as the Piton de la Fournaise [Dumont et al. 2022], Kilauea volcano [Montgomery-Brown et al. 2010] or Etna [Bonaccorso
et al. 2002]. The transition to three-dimensional dynamic modelling will require substantial further development, but should
be straightforward to achieve by following the strategy of Mantiloni et al. 2023; 2024 or using the pressure gradient as an
indicator of magma trajectory [Pinel and Mériaux 2025]. Provided that the local stress can be estimated and that continuous
measurements of surface displacement are available, the proposed assimilation strategy might eventually be extended to any
volcanic system, even the most complex ones, involving several simultaneous magmatic pathways. Subsequently, thanks to the
proposed assimilation strategy, the dynamic model can be made more complex in order to take advantage of recent advances
in magma propagation modelling [Davis et al. 2021; Furst et al. 2023; Blackstone et al. 2024]. It should also be possible to
include the effects of changes in magma properties during its ascent in the future. In particular, the decrease in pressure and
temperature leads to magma crystallisation and/or gas exsolution, which changes the density and viscosity of the magma and
affects its driving pressure (change in the y parameter) and velocity. The initial distribution of the model parameters could
also be improved. We chose a uniform distribution for all parameters, but observations favour more appropriate distributions

for certain parameters, such as the power law distribution for magma volumes [Passarelli et al. 2014].

Furthermore, we have so far only considered geodetic observations. However, magma propagation not only causes surface
displacement, it also induces a seismic signal by promoting rupture or sliding on existing faults nearby, so that seismicity can
be used to track the propagation of the magmatic front or the opening of the dike e.g. [Lomax et al. 2025]. It follows that the
seismicity recorded during magma propagation could serve as an additional observation to constrain the assimilation. This
would require incorporating a formal link between the propagating dike and the induced seismic signal, in a similar way to
the link established with induced surface displacement via the Okada model. The spatial distribution of seismicity has already
been linked to magmatic pressure within the dike [Segall et al. 2013; Heimisson and Segall 2020], so this observation could be

added to the assimilation strategy, thereby improving predictions and parameters retrieval.

5.4.4 Conclusion

The potential of particle filter-based data assimilation to forecast the location of a future eruption vent and the time of magma
arrival at the surface in basaltic volcanic systems where magma propagation by diking predominates has been demonstrated
using synthetic data. Data assimilation has the additional advantage of providing key information on the location of magma
storage zones, the volume of magma ascending to the surface, and the local stress field. This study constitutes an initial proof

of concept but implementation of this three-dimensional assimilation strategy and its validation using observations recorded by
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volcano monitoring networks are still necessary to confirm the possibility of using this method operationally. More complex

models and additional observations such as seismicity may be integrated in the future.
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